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A comparison of  the kinetic and diffusional models for solid-gas reactions occurring i n  a 
spherical particle is presented. The similarities and differences of the unreacted-core shrinking 
model and the homogeneous model are examined in  l ight o f  the rate-controlling factors. In 
view of the similarity of the two models, it i s  shown that  erroneous conclusions in regard to 
the mechanism and the activation energies may be drawn from an analysis of the experimental 
data. A more versatile model is presented in order to  augment the two models so that  wider 
varieties of solid-gas reaction systems may be treated. The concept o f  effectiveness factors in 
solid-gas reactions is introduced, and the influence of diffusion is ascertained. 

Among the numerous important solid-gas reactions in 
the chemical and metallurgical industries, a few examples 
of those in which the solid does not appreciably change in 

size during the reaction are the reduction of metallic ox- 
ides, the roasting of ores, the nitrogenation of calcium 
carbide to produce cyanamide, the regeneration of carbon- 
deposited catalysts, etc. In a great majority of instances, ___- the analysis of these solid-gas reactions has been based 
on the unreacted-core shrinking model as shown by Yagi Masaru Ishida is with the Tokyo Institute of Technology, Tokyo, 

Japan. 

Vol. 14, No. 2 AlChE Journal Page 311 



and Kunii (7). This model is acceptable because the por- 
osity of the unreacted solid is usually very small, meaning 
the solid is practically impervious to the gaseous reactants, 
and the reaction will occur at the surface of the solid or at 
the interface between the unreacted solid and the porous 
product layer. This model is also applicable when the 
chemical reaction rate is very rapid and the diffusion of 
gases is sufficiently slow. The zone of reaction in such a 
case will be narrowly confined to the interface between 
the unreacted solid and the product. On the other hand, 
if the solid contains enough voidage so that the gaseous 
reactant can diffuse freely into the interior of the solid, the 
unreacted-core shrinking model becomes no longer applic- 
able. In such cases, the reactions between gas and solid 
may be viewed as occurring homogeneously throughout 
the solid to produce a gradual variation in solid reactant 
concentration in all parts of the particle. Therefore, another 
model, which we shall call the homogeneous model, is 
needed for the analysis of porous solid-gas reactions. 
Here, the solid may be considered as an ensemble of small 
lumps of reactant distributed uniformly throughout the 
solid phase. The effective diffusivities of gaseous compo- 
nents through the solid are considered large and are in- 
variant during the reaction. Weisz and Goodwin (6)  ob- 
served that in the combustion of carbonaceous deposits 
within the porous catalytic particles, at low temperature 
(450°C.) when chemical reaction is controlling, the car- 
bon burn-off is uniform throughout the particle. Reactions 
occurring in ion-exchange resins can also be treated based 
on the homogeneous model. 

Because of the mathematical difficulty, the homogeneous 
model has not been applied to solid-gas reactions except 
for some special cases. Ausman and Watson (1 ) , using a 
pseudo steady state approximation for gas concentration 
distribution and a first-order reaction with respect to the 
gaseous reactant, obtained a general solution for a solid- 
gas reaction in a spherical particle based on the homoge- 
neous model. 

In actuality, however, solid-gas reactions cannot bc 
completely described either by the unreacted-core shrink- 
ing model or by the homogeneous model. The majority 
of cases belonging to this class of solid-gas reactions are 
probably an intermediate of these two models. Therefore, 
it seems worthwhile to examine and clarify the relation 
of these models and to provide a possibility of developing 
n more versatile model applicable under a wide variety 
of conditions. 

In the following discussion, we shall consider a more 
versatile model for solid-gas reactions which displays an 
intermediate of the unreacted-core shrinking model and 
the homogeneous model. In this connection, an analytical 
solution of this model will be obtained, and a comparison 
and an examination of the various models will be pre- 
sented. In addition, the concept of the effectiveness fac- 
tors developed in catalytic reactions will be extended to 
solid-gas reactions based on these models. The effects of 
the diffusion into the solid and across the gas film around 
the particle on these eflectiveness factors will be shown. 

A MODEL FOR SOLID-GAS REACTIONS 
Let us consider a class of solid-gas reactions represented 

aA ( g )  + S ( s )  3 products 
by 

A material balance for gaseous reactant A and solid 
reactant S can be written as 

where rA and rs are stoichiometrically related by T A  = UTS, 

and are the rates of reaction for gas component A and 
for solid reactant S, respectively. The boundary condi- 
tions are 

] ( 3 )  
D e ~  VCA = k,A ( Cao - C A )  at the solid surface 

VCA = 0 at the center 

cs = c s o  a t t = O  (4)  
A solution of the above equations for a spherical particle 
is given below under the following assumptions: 

1. Pseudo steady state approximation for gas A is valid, 

or E - = 0. The pseudo steady state approximation has 

been shown to be valid for most solid-gas reactions. 
2.  The rate of reaction is independent of the solid re- 

actant concentration but is first order with respect to the 
gaseous reactant A. Thus, TA = ak,Cs,(Ca - CA*). 

aCA 
at 

Since the reaction is faster near the surface than in the 
interior of the particle, after a certain time the solid re- 
actant near the surface will be completely exhausted form- 
ing an inert product layer (ash layer) as illustrated in 
Figure 1. We shall designate the period of reaction prior 
to the formation of the ash layer as the first stage, and 
the period following the ash layer formation as the second 
stage. For convenience, we shall use C'A and D l e ~  to de- 
note the concentration and the effective diffusivity, respec- 
tively, of gas A in the solid during the first stage of the 
reaction and in the reaction zone during the second stage 
of the reaction. We shall use CA and D,A to denote the 
concentration and the effective diffusivity of gas A in the 
product ash layer during the second stage of reaction. We 
shall assume that D I e ~  and D e ~  are constant throughout 
the reaction. 
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The  First Stage Reaction 

A schematic diagram of the reacting particle during the 
first stage is shown in Figure 2. The material balance and 
the boundary conditions given in Equations ( l), (2) ,  and 

The solid reactant concentration distribution and the 
conversion at the end of‘ the first stage can be found from 
Equations (9) and (10) : 

(13) 

(14) 

c s  sinh (+’v 5) (3) now become -= 1- 

X = -  (+’v coth +fv - 1) 

cso 5 sinh #fv 
3 0 = D e A  ( - d> + 2 dC’a - ) - UkvCso(C’A - CA”) 

(dJfd2 r dr 

. .  

at r = O  

The concentration psofile of gas A in the particle can be 
obtained as 

C’A - CA* 1 sinh (+’v 6) 
CAD - CA* dVc [ sinh #v 

(8) - -- 

where 

1 kmAR 
N Sh D’eA 

dvc = 1 + - ( f l u  coth #v - 1) and N ’ s ~  = - 
In Figure 3, the effect of the variation of +’,, on the con- 
centration profile of reactant gas A is shown for N ’ s ~  = 
tci. For qV larger than 50, the rate of chemical reaction 
becomes much faster than the diffusion through the solid, 
and, consequently, the reaction takes place before gas A 
can diffuse into the interior of the particle. The variation 
in the solid reactant concentration can be found from 

cs = cso - & kvCso (C’A - CA”) dt 
t 

as 

( (9)  
sinh(+’, 5) dv CS -=1- 

cso tsinh+’, 8vc 
c. 

where Ov, the dimensionless reaction time, is given by 

& = k V ( C A o - C A * ) t  

The fractional conversion of solid reactant X is found from 

as 

The rate of reaction per particle M s  = is found from uMs 
= M A  = 4 ? r R 2 L ~ (  C A ~  - CAS) as 

The length of time for the first stage reaction to last is 
obtained from Equation (9) by letting [ = 1 and Cs = 0: 

ev = 8vc  (12) 
As is evident from Equations (8) and (ll), the concen- 
tration profile of gas component A and the rate of reac- 
tion per single particle are independent of time. Therefore, 
8,, can be regarded as the length of time (dimensionless) 
for the duration of the constant rate period. If the resist- 
ance to the gas film diffusion around the particle is negli- 
gibly small, that is, N ’ s ~  = 00, then evc becomes unity. 

I ,  

Gas Film 

Solid Rroctant 
Fig. 2. Schematic diagram for concentration 

profile in the first stage. 
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Fig. 3. Influence of parameter r$’o on concen- 
tration profile of component A. 

T h e  Second Stage Reaction 

As the reaction progresses, as shown in Figure 1, two 
zones appear: an outer zone in which the solid reactant 
is completely exhausted (the diffusion zone), and an in- 
ner zone where the reaction still takes place (the reaction 
zone). The material balance equations, the boundary con- 
ditions, and the initial conditions for the second stage 
reaction are shown in the following table. 
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Inner core (reaction zone) Outer layer (diffusion zone) 

2 dC'A 
0 = D ' e ~  ('3 + --) ,- akVCso ( C'A - CAO) (15)  

r dr 

eVc and rnL = R a t t  = tc = c I sinh +'v 1 kv ( C A ~  - CA*)  
sinh ( +'v t )  cs = c s o  1 -  

The concentration distribution of gas A can be obtained 
from Equations (15),  (17), (18), and (20) as 

Cam - CA* tm sinh ( +'v I )  
CAO - CA* E sinh ( +'v t m )  

C'A - CA' 

CAo - CA' 
- - 

for O--LrLrnl ( 2 3 )  
and 

CA - cA* CAm - CAu Em 1 - t + f / N S h  

CAO - CA* CAO - CA' 6 1 - 6m + t m / N s h  
- - . - .  

t '-"" for r m L r L R  (24) 
1 - 5m + tm/Nsti 

kmAR rm 
where N s ~  = - , t m  = -, and CAm is the concen- 

DeA R 
tration of gas A at the boundary of the two zones, or at 
T = rm, and is obtained from Equation (21) as 

CAm - CA' 
CAo - CA* 

- - 

1 

(25) 
In Figure 4, the variation of Cam is shown as a function of 
$ J ~  (= #J'~) when Nsh = co and D e ~  = D e ~ .  As the values 
of CV become larger, CA,,, - CA' is seen to approach zero. 

Dimensionless Length, r,/R 

Fig. 4. Influence of GU on C A ~ ,  the concen- 
tration of component A at  the boundary. 

This corresponds to the condition of the fast chemical 
reaction and the slow diffusion through solid, with the 
solid diffusion being the rate controlling factor. The vari- 
ation in solid reactant concentration can be found from 

cS= ( C S S ) ~ , - J :  kvCSo(C'A-CA') dt 

as 
c s  

c s o  5 sinh +'v E 
sinh (+'v t )  - sinh (qV 5 )  f; - = I -  

[tm/siA (+'v e m )  I d v  

1+- ] [+'v 5m coth (+'v t m )  - 11 
DeA 

(26) 
The integration in Equation (26) requires the relation 
between 0, and tm. This can be found as follows. Differ- 
entiating Equation (26) with respect to & at E = 5m and 
CS = 0, we obtain 

1 
dtm t m  

[+'v t m  coth ( q v  6m)-  11 d 0 V  - - _ - -  

{+'vtmcoth (+'v t m )  - 111 (27) 

Thus, the time required for the ash layer to reach r,,, is 
obtained as 

Ausman and Watson (1) used the graphical method to 
obtain the above integration for D,A = D e ~ .  However, 
an analytical solution can be obtained as follows: 

The time required for the reaction to complete both the 
first stage and the second stage, duo, can be found from 
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the above equation by letting f m  = 0 as 

10 
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O02( 

When we substitute Equation (28) into Equation (26),  
the concentration distribution for solid reactant is obtained 
as 

cs 5 m  sinh (4'd) 
-= 1 -  
cso f sinh(+'V t m )  

(30) 

and the solid reactant conversion is 

Equations (30) and (31) are the same as those obtained 
by Ausman and Watson (1 ) . 

Thus, we have completed the derivation of a model for 
a solid-gas reaction in a spherical particle. Next, we shall 
introduce the effectiveness factor t)v for this reaction so 
that the effect of diffusion can be more conveniently exam- 
ined. Accordingly, the effectiveness factor rlV for solid- 
gas reaction is defined as 

actual reaction rate 
reaction rate obtainable when the gas concen- 
tration ar.d temperature existing in the in- 
terior of the particle are the same as those 
existing in the bulk gas phase 

q v  = 

Unlike the effectiveness factor used in catalytic reactions, 
which is based on the gas concentration and temperature 
at the surface of the catalysts, the effectiveness factor for 
solid-gas reaction is based on the concentration and tem- 
perature in the bulk gas phase which do not change during 
the reaction. Hence 

(32) 
SkuCSo (C'A - c A *  dv 

rlv = 
jktCso(  CAO - CA* ) dV 

and is given as 
The first stage: - 

(33) 
.5 I 

rlv= - [&v coth +jU - 11 * - 
( 4 ' 2  eVc 

The second stage: 

3 

IlV (4'v Ern12 * 

4'v t ~ 0 t h  ( +'v f m  1 - 1 

1 + - [ I  - f m  + f m / N s h ]  [+'v f m  ~0th (+'u Em) - 11 D ' ~ A  
D,A 

(34) 
The effectiveness factor as given in Equations (33) and 
(34) is equivalent to the ratio of the chemical reaction re- 
sistance to the total resistance consisting of the diffusional 
resistance and the chemical reaction resistance. 

THE HOMOGENEOUS MODEL (D,A = D',A) 

If we let DeA = D l e ~  in the model discussed in the 
previous section, we obtain the homogeneous model. Fig- 
ure 5 shows the relation between the reaction time and 
the solid reactant conversion, for various values of & 
(= +'v) in the case where the gas-film resistance is negli- 
gibly small, that is, N S h  = co. As $ J ~  is increased, the dif- 
fusion of gas A through the solid becomes the rate-control- 
ling factor, and the lines converge into one line. Under 

this condition, Equations (23),  (24),  (28 ) ,  and (31) are 
reduced to 

C A  = CA'* for 0 LT "rm 

x= 1-tm3 
and 

- ev = 1 - 3 ( 1 - X ) 2'3 + 2 ( 1 - X ) 
8 v  * 

Also from Equation (29:), 8," a R2. 

I I// - - - - :  k;cy,;r, the end 

Dimensionless Time, t / ?  
Fig. 5. Fractional conversion of solid reactant 
os o function of dimensionless time for homo- 

geneous model (sphere). 

Conversion, X 

Fig. 6. Relation between conversion and re. 
action rate for N S h  = CQ and D,A = D',A. 
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Fig. 7. Effect of qv on effectiveness factor. 

0.5 !- / I  

0.3 

D.A= D ~ A  

Parame tar .. i3 0.2 

Conversion, X 

Fig. 8. Effect of N s h  on effectiveness factor. 

These results are exactly the same as those obtainable 
from the unreacted-core shrinking model under a pseudo 
steady state assumption when the ash diffusion is the rate- 
controlling factor. Therefore, when the diffusion through 
the solid is rate controlling, there is no way to distinguish 
from experimental data which of the two models is correct 
for the given system. Weisz and Goodwin (6)  observed 
during the combustion of carbon deposited catalysts that 
at high temperature (625 O C. ) the carbon combustion is 
characterized by a shell progressive burn-off. At an inter- 
mediate temperature (515"C.), a transition existed which 
is characterized by a model between the homogeneous 
model and the unreacted-core shrinking model. 

On the other hand, if the chemical reaction is very slow 
and is the rate controlling factor, dv approaches zero and 

C'A = C A o  for 0 L T L R  

C S O  8 v  

CS ev 

X = lev/s,u and Ov" a RO (independent of R ) .  

As shown in Figure 5, the relation between X and ~e,,/O,* 
is not greatly different from that of the unreacted-core 
shrinking model, and therefore determination of a correct 
model from the experimental data is rather difficult. 

For a clear demonstration of the difference between the 
two models, the rate of reaction is plotted against the 
solid reactant conversion as shown in Figure 6. In Figure 
7, the relation between the effectiveness factor and the 
conversion obtained from Equations (33) and (35) is 
shown. As the values of dv are increased above 1, the ef- 
fectiveness factor becomes smaller moving towards the 
diffusion controlled region. However, at complete conver- 
sion ( X  = 1 )  , rlv becomes unity for all & returning to the 
chemical reaction controlled region. In Figure 8, the effect 
of gas-film diffusion is shown for +u = 2 and 20. As NslL 
becomes smaller than 100, the effect becomes apparent 
and is particularly significant during the first stage re- 
action. 

THE UNREACTED-CORE SHRINKING MODEL (Dle~<<De.d 

Next, we consider the case where Die* is very much 
smaller than DeA. Under this condition becomes large 
so that In [ E m  sinh+',/sinh (#,, tm) ] can be approximated 
by qv( 1 - tm). Also, since D e ~ / D e ~  is small, Equations 
(28) and (31) become 

These equations are equivalent to the equations derived 
based on the unreacted-core shrinking model under a 
pseudo steady state assumption: 
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where 
k S ( c A 0 -  CA")  t 

R 
and 8s = 

RaksCso 
ds = - 

D e A  

Here tm(= r J R )  is equivalent to [,(= r J R )  for the 
unreacted-core shrinking model, and k, is the reaction 
rate constant based on the reaction surface of the shrink- 
ing core. 

The similarity of the two models when ,#J', is large can 
be realized from Figure 3 in which ( C ' A  - C A "  ) becomes 
nearly zero in the reaction zone for (b', larger than 100, 
indicating no penetration of gas A into the shrinking core. 
Comparing Equations ( 3 5 )  and (36) with Equations 
( 3 7 )  and (38), we can relate the surface-based quantities 
k,, +s and 8, to the volume-based quantities k ,  9,,, and 8,, 
as 

9s = b v  8, = BV/4',, and k, = 

(39) 
An example of the difficulties associated with the deter- 

mination of a proper model for a solid-gas reaction system 
from experimental data can be shown for the case of the 
reduction of iron oxide with hydrogen. Most investigators 
used the unreacted-core shrinking model to analyze the 
rate-controlling factors and reported the activation energy 
as varying from 4.2 to 15 Kcal./g.-mole (2  to 5 ) .  

These values seem to be too small in comparison with 
most of the solid-gas reaction systems. Since the particles 
used in the experiments are mostly pelletized, D e *  is not 
quite equal to zero although it is smaller than D e A .  In 
addition, the gradual transition of the various iron oxides 
(hematite + magnetite -+ wiistite) is taking place in 
zones within the pellet. This seems to indicate that the 
application of the unreacted-core shrinking model is un- 
suitable to this process. As shown in Equation (39), k, 
is proportional to v'& therefore, the activation energy 
obtained based on the unreacted-core shrinking model 
could be as small as one-half of the true value. I t  was 
also pointed out in the previous section that the shapes 
of curves relating conversion and time are so similar for 
the various models (shown in Figure 5) that this criterion 
alone is not sufficient to determine the prevailing mechan- 
ism. I t  is hoped that the study presented here will be use- 
ful in the explanation of the abnormally low activation 
energies obtained in various experimental investigations. 

CONCLUSION 

An analytical solution under the pseudo steady state 
assumption is obtained for a model of solid-gas reactions 
taking place in a single particle. This model is represented 
by the first stage and the second stage reaction with the 
second stage being characterized by the diffusion through 
an ash layer and the reaction in an inner core. The effec- 
tive diffusivities for the two zones D,A and D e ~  are 
considered different but are constant during the course of 
reaction. The effectiveness factors are also defined for 
solid-gas reactions, and the effects of diffusion are exam- 
ined. This model is shown to become the homogeneous 
model when D,A = D l e A  and the unreactedrcore shrinking 
model when D,A >> D',A. The two rate constants in- 
volved in the expressions of these models are related by 

It was also found that the unreacted-core shrinking model 
is valid for +', > 100. Some difficulties involved in select- 
ing a proper model for analysis of experimental data are 
also discussed. 
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NOTATION 

stoichiometric coefficient 
concentration of component A in gas, C ' A  in re- 
action zone, CA,, in bulk phase, C A ~  at boundary 
between reaction zone and ash layer, C A s  at outer 
surface of particle, moles/U 
equilibrium concentration of component A, 
moles/L3 
concentration of solid reactant S, moles/lg 
initial concentration of solid reactant, moles/L3 
effective diffusivity of component A in ash layer, 
L2/8 
effective diffusivity of component A in reaction 
zone, L2/@ 
mass transfer coefficient, L/8 
reaction rate constant based on area, L4/(moles 8) 
reaction rate constant based on volume, La/ 
(moles 8 )  
total reaction rate of component A, mole/8 
total reaction rate of component S, mole/@ 
k , n A R / D e A  
k m A R / D ' e A  
particle radius, L 
distance from the center of sphere, L 
reaction rate for gas component A, moles/ (23.0) 
reaction rate for solid reactant S ,  moles/( L3.8) 
r at boundary between reaction zone and ash 
laver. L 

re 

t = time, 8 
t" 

V = volume, L3 
X = conversion 

= distance from the center of sphere to unreacted 
core surface, L 

= time for complete conversion, t, time for com- 
pletion of first stage reaction, 8 

Greek Letters 

vv = effectiveness factor 
BV = dimensionless time, BVc for complete reaction of 

the first stage, 8," for complete reaction of both 
stages 

.$ 
9,, 
E = voidage of particle 

= dimensionless radius, [ = r / R ,  tm = rm/R 
= Thiele modulus based on D e A ,  +',, based on D'eA 
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